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Abstract
The chiral order-parameter σ field and its higher-order cumulants of fluctuations are calculated within the functional renormal-
ization group approach. The influence of the glue dynamics on the fluctuations of σ field is investigated, and we find that the σ-field
fluctuations are weakly affected by the glue dynamics. This is in sharp contrast to the baryon number fluctuations, which are sen-
sitive to the glue dynamics and involve information of the color confinement. Implications of our calculated results on theoretical
and experimental efforts to search for the QCD critical ending point are discussed.
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Locating and searching for the QCD critical ending point
(CEP) have attracted lots of attention in recent years. A non-
monotonic behavior of the kurtosis of the net proton multiplic-
ity distribution with the change of the collision energy, has been
observed in the beam energy scan (BES) program at the Rela-
tivistic Heavy-Ion Collider (RHIC) [1, 2, 3], which might be
attributed to critical fluctuations near the CEP. In order to pin
down this possibility and, hopefully to resolve the existence and
location of the CEP, reliable theoretical calculations and predic-
tions are highly demanded.
Relevant theoretical studies put emphases on different sides.
The first class is devoted to the computations and studies of
equilibrium bulk properties of the quark-gluon plasma, in par-
ticular the fluctuations and correlations of conserved charges.
Related studies involve, for instance, the first principle lat-
tice QCD simulations [4, 5, 6, 7, 8], continuum functional
approaches, e.g. the functional renormalization group (FRG)
[9, 10, 11], Dyson-Schwinger equations [12, 13, 14], etc. These
studies are concerned with equilibrium critical fluctuations aris-
ing from the CEP. In heavy-ion collisions, besides the critical
fluctuations, noncritical fluctuations also play a significant role
[15, 16, 17], such as the participant or volume fluctuations for
a given selection of the collision centrality, overall global con-
servation, acceptance cuts and so on. Furthermore, nonequi-
librium critical fluctuations and their real-time evolution have
attracted lots of attention in recent years [18, 19, 20, 21]. It has
been shown that higher-order critical fluctuations can be quite
different from their equilibrium values [18], for more recent de-
velopments in this direction, see such as [22, 23].
An promising approach to reveal the properties of the QCD
chiral symmetry and its spontaneous dynamical breaking, is
to study the chiral order parameter field, usually named as
the σ-field, and its higher-order cumulants of fluctuations di-
rectly, see e.g. [24, 18]. Besides the chiral symmetry and
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its breaking, however, the QCD is also characteristic of the
color confinement, whose information is encoded in the glue
dynamics. Furthermore, the net proton number fluctuations,
which are employed to search for the QCD CEP in the BES
program at RHIC, are physical quantities with the degree of
freedom being baryons, rather than quarks. Therefore, it de-
serves to investigate the interrelations between the glue dy-
namics and the σ-field fluctuations. In this work, by employ-
ing the QCD-enhanced Polyakov–quark-meson (PQM) effec-
tive model [9], we will study the influence of the glue dy-
namics on the σ-field fluctuations, and compare it with the
net baryon number fluctuations. Computations in this pa-
per are performed within the FRG approach, through which
quantum and thermal fluctuations are encoded successively
with the evolution of the renormalization group (RG) scale
[25]. Interested readers are recommended to refer to, e.g.,
[26, 27, 28, 29, 30, 31, 32, 9, 10, 33, 34, 11, 35, 36, 37, 38, 39]
for more details about the FRG and recent QCD-related pro-
gresses.
Starting from an initial ultraviolet (UV) cutoff scale Λ, quan-
tum, thermal and density fluctuations of different sizes, are suc-
cessively encoded within the FRG approach, with the RG scale
k running toward the infrared (IR) regime. Thus, a quantum
theory is resolved with k → 0. This process is described by the
Wetterich equation [25] as follows
∂tΓk[Φ] =
1
2
STr
[
∂tRk
(
Γ
(2)
k [Φ] + Rk
)−1]
, (1)
where Γk is the scale-dependent effective action, t = ln(k/Λ);
the super fields Φ consist of all field components of a theory,
and the super trace runs over all degrees of freedom; Γ(2)k is the
second-order derivative of Γk with respect to fields, i.e.,
(
Γ
(2)
k [Φ]
)
i j :=
−→
δ
δΦi
Γk[Φ]
←−
δ
δΦ j
. (2)
The regulator Rk suppresses quantum fluctuations of size larger
than 1/k, while leaves others unchanged.
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Figure 1: Cumulants of the σ-field distributions, i.e., Eq. (10), as functions of the temperature at vanishing chemical potential, calculated in the PQM and QM
effective models.
Specifically as for the rebosonized QCD, the r.h.s of Eq. (1)
is decomposed into the equation as follows
∂tΓk[Φ] =
1
2
Tr
(
GAAk [Φ]∂tR
A
k
) − Tr(Gcc¯k [Φ]∂tRck)
− Tr(Gqq¯k [Φ]∂tRqk) + 12Tr(Gφφk [Φ]∂tRφk ) , (3)
where Φ = (A, c, c¯, q, q¯, φ), and the four terms on the r.h.s. re-
late to the gluon, ghost, quark, and hadronic degrees of free-
dom, respectively. Here G’s denote their propagators. For more
discussions about the rebosonized QCD within the FRG ap-
proach, see e.g. [26, 27, 30, 31, 32, 36, 40]. In this work, we
refrain from solving the whole coupled set of equations, and
interested readers are recommended to refer to Ref. [40], in
which flow equations of the rebosonized QCD are investigated
at finite temperature and nonvanishing chemical potential. In-
stead of evolving the flows from an UV cutoff scale Λ at the
perturbative regime, such as ∼ 102 GeV, we choose the initial
scale Λ ∼ 1 GeV, where the glue part, including the gluon and
ghost, decouples from the matter part because of the large mass
gap of the gluon [30, 31, 36, 40]. Thus, when the scale is below
∼ 1 GeV, quantum fluctuations resulting from the gluon inter-
actions are suppressed remarkably, and it is legal to separate the
effective action into the glue and the matter parts, viz.,
Γk[Φ] = Γglue,k[Φ] + Γmatt,k[Φ] . (4)
where the glue part corresponds to the first two terms on the
r.h.s. of Eq. (3), and the matter part consists of quarks and
hadrons, respectively. In this work, we focus on mesons for the
hadronic degrees of freedom.
We adopt the following formalism for the scale-dependent
effective of the matter, i.e.,
Γmatt,k =
∫
x
{
Zq,kq¯
[
γµ∂µ − γ0(µ + igA0)]q + 12Zφ,k(∂µφ)2
+ hk q¯
(
T 0σ + iγ5T · pi
)
q + Vk(ρ) − cσ
}
, (5)
with notation
∫
x =
∫ 1/T
0 dx0
∫
d3x. Zq,k and Zφ,k are the wave
function renormalizations for the quark and meson, respec-
tively. hk is the Yukawa coupling of the scalar and pseudo-
scalar channels. T’s are the generators of SU(N f ) in the fla-
vor space with Tr(T iT j) = 12δ
i j, complemented with T 0 =
2
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Figure 2: χσ4 /χ
σ
2 as a function of the temperature calculated in the PQM and
QM effective models.
1√
2N f
1N f×N f , with flavor number N f = 2. φ = (σ,pi) is the
meson field, and the effective potential Vk(ρ) with ρ = φ2/2
is O(4) invariant. The term linearly proportional to the sigma
field, i.e., −cσ, breaks the chiral symmetry explicitly, whose
effects will be investigated in detail in the following.
In Eq. (5) we also couple the quark field with the background
gluon field, whose temporal component is nonvanishing at fi-
nite temperature. It has been well known that this background
gluon field, also called as the Polyakov loop in a slight trans-
formation, implements the QCD confinement through the Z(3)
symmetry and is indispensable to describe the QCD thermody-
namics. Recent years have seen lots of progress on the study
of the Polyakov dynamics, see e.g., [41] and references therein.
Specifically, incorporation of the Polyakov dynamics and low
energy effective models, leads to widely used Polyakov-loop-
extended chiral models, for example the PQM [42] and the
Polyakov–Nambu–Jona-Lasinio model [43, 44, 45].
In this work we will not directly solve the flow equation for
Γglue,k in Eq. (4); instead, the QCD-enhanced glue potential Vglue,
which is a polynomial in the Polyakov loop and has been dis-
cussed in detail in [9], is employed. Therefore, the thermody-
namical potential density reads
Ω = Vglue + Γmatt, k=0 , (6)
where Γmatt, k=0 is obtained through integrating its relevant flow
equation beginning from the initial scale Λ. Here we will not
go into the details, for more discussions, see [9] for instance.
In this work, we focus on two kinds of critical fluctuations,
which are both important in the studies of the QCD phase tran-
sition and QCD phase structure. One is the fluctuations of the
σ field, which is the chiral order parameter and has been stud-
ied widely in literatures, see e.g., [24, 46, 18]; the other is the
fluctuations of the net baryon number or the net proton num-
ber, which is a significant probe to search for the QCD critical
point in the experiments of BES, see [3] and references therein.
More importantly, the emphasis is put on the influence of the
glue dynamics on these two kinds of critical fluctuations.
The coefficient c with nonvanishing value in the chiral sym-
metry breaking term in Eq. (5), on one hand, breaks the chiral
symmetry explicitly and provides mass for the pions, on the
other hand, works as an external source for the sigma field.
Therefore, mean value and various cumulants of the sigma field
could be obtained by differentiating the pressure p = −Ω with
respect to the coefficient c, to wit
∂p
∂c
= 〈σ〉 , ∂
2p
∂c2
= βV〈(δσ)2〉 , (7)
∂3p
∂c3
=
(
βV
)2〈(δσ)3〉 , (8)
∂4p
∂c4
=
(
βV
)3[〈(δσ)4〉 − 3〈(δσ)2〉2] , (9)
with δσ = σ−〈σ〉, the inverse temperature β = 1/T and the vol-
ume V , where the angle bracket denotes the ensemble average.
For simplicity, we define
χσn =
∂np
∂cn
. (10)
For comparison, we also calculate the baryon number fluctua-
tions which read
χBn =
∂n
∂(µB/T )n
p
T 4
. (11)
with µB = 3µ.
To precede the presentation of the calculated results, we
would like to give a brief description about the numerical calcu-
lations. In this work we adopt the local potential approximation
(LPA), i.e., Zq,k = Zφ,k = 1 and ∂thk = 0 in Eq. (5); for calcu-
lations beyond LPA, see, e.g., [9, 10, 11]. For the matter part,
at the initial UV-cutoff scale Λ, which is chosen to being 700
MeV throughout this work, the effective potential in Eq. (5) is
symmetric and can be well approximated as follows
VΛ(ρ) =
λΛ
2
ρ2 + νΛρ . (12)
with λΛ = 1 and νΛ = (0.523 GeV)2. These parameters, to-
gether with the Yukawa coupling h = 6.5 and the coefficient
of explicit chiral symmetry breaking c = 1.7 × 10−3 GeV3,
yields hadronic observables at vacuum, which read the pion
mass mpi = 135 MeV, the sigma mass mσ = 436 MeV, the con-
stituent quark mass mq = 302 MeV, and the pi decay constant
which is identical to the vacuum expected value of the sigma
field in Eq. (7), i.e., fpi = 〈σ〉 = 92.8 MeV. For the glue part,
we employ the same QCD-enhanced glue potential as used in
Refs. [9, 10], which incorporates the back-reaction effect of the
matte sector on the glue dynamics and thus leads to the correct
scaling of the temperature, see [47] for more details.
In Fig. 1 we show the first four orders of the fluctuations of
the σ field as defined in Eq. (10) as functions of T in unit of
Tc. The computations are performed in the PQM and quark-
meson (QM) effective models, aimed at illuminating the role
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Figure 3: Quadratic (left panel) and quartic (right panel) baryon number fluctuations defined in Eq. (11) as functions of the temperature at vanishing baryon chemical
potential, calculated in the PQM and QM effective models.
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Figure 4: χB4 /χ
B
2 , i.e., the kurtosis of the net baryon number distribution, as a
function of the temperature at vanishing baryon chemical potential, calculated
in the PQM and QM effective models.
of the glue dynamics in the fluctuations of the σ field, with the
help of their difference. For the convenience of comparison, the
temperature is rescaled by their pseudo-critical temperature Tc,
which is determined by locating the maximal value of ∂〈σ〉/∂T
in this work. The value of Tc is 183 MeV for the PQM and
154 MeV for the QM, respectively. Comparing 〈σ〉 calculated
in the PQM and QM as shown in upper-left panel of Fig. 1, one
observes that the crossover regime shrinks when the glue dy-
namics is taken into account. This is easily understood and also
expected in light of the physical implication of the Polyakov
loop, which transforms the active degree of freedom at low tem-
perature from quarks in the QM to baryons in the PQM. There-
fore, higher temperature is needed to drive the occurrence of
the chiral phase transition [45, 9]. In fact, this statement is even
clearer when one sees higher-order fluctuations of the σ field,
for instance the quadratic, cubic, and quartic fluctuations of the
σ field, plotted in other panels of Fig. 1. It is quite obvious that
the crossover regime for the PQM is smaller than that in the
QM.
However, we should emphasize that the difference, discussed
above about the σ-field fluctuations obtained in PQM and QM,
is only quantitative and thus, is not of our concerns. On the con-
trary, the σ-field fluctuations calculated in these two effective
models agree with each other qualitatively, if the unimportant
quantitative difference is ignored. In another word, the σ-field
fluctuations are almost not influenced by the glue dynamics,
and the minor impact is indirect, such as through the modified
pseudo-critical temperature by the glue potential. This situation
is quite different from the baryon number fluctuations discussed
in the following, which are closely related to, and affected di-
rectly by the glue dynamics. This is reasonable, since the σ
field is only related to the chiral property of the system, while
does not encode the information of color confinement.
We show χσ4 /χ
σ
2 as a function of the temperature in Fig. 2. In
the same way, we compare the result obtained in PQM and that
in QM. It seems that the difference of the ratio between these
two effective models is a bit larger than those in Fig. 1, and
there are two peaks on the curve for the PQM. Note, however,
that only the second peak on the curve of PQM is relevant to the
critical behavior, and the first wide bump is just due to the fact
that the rapid change of the quartic σ-field fluctuation in PQM,
as shown in the lower-right panel of Fig. 1, is quite limited to a
small region, thus leads to a stronger variance. Therefore, the
first wide bump is not related to any critical behaviors. In a
word, the qualitative behavior of the ratio χσ4 /χ
σ
2 is not affected
by the glue dynamics as well.
In the following, we present some results about the baryon
number fluctuations calculated in the LPA. These results are not
state-of-the-art, and in fact there are lots of calculations beyond
the approximation of LPA, see such as [9, 10, 11]. The purpose
of computations of the baryon number fluctuations here is com-
pletely to facilitate the comparison between these two kinds of
fluctuations. In Fig. 3 we show the quadratic and quartic net
baryon number fluctuations as functions of T obtained in the
PQM and QM effective models. Unlike the σ-field fluctuations,
4
the baryon number fluctuations calculated in the PQM are re-
markably different from those in the QM. In fact, if one sees
the kurtosis of the baryon number distribution, i.e., χB4 /χ
B
2 in
Fig. 4, it is immediately noticed that this difference is not quan-
titative, but rather qualitative. The baryon number fluctuation is
not only sensitive to the chiral property, which is similar with
theσ-field fluctuation as for this point, but also it is significantly
influenced by the glue dynamics. It has been well known that
the value of the ratio χB4 /χ
B
2 represents the degree of freedom
of the system at low temperature, viz., χB4 /χ
B
2 → 1 is relevant
to the baryons while χB4 /χ
B
2 → 1/9 to quarks [45, 9], which
correspond exactly to results obtained in the PQM and QM ef-
fective models, respectively, as shown in Fig. 4. Therefore, the
confinement information is encoded in the PQM model through
the glue dynamics, while the QM model does not include any
confinement. Note that the kurtosis of the net baryon num-
ber distribution calculated in the PQM effective model, agrees
well with lattice calculations, for more detailed discussions and
comparison see, e.g., [9, 10, 11]. Obviously, computations of
the baryon number fluctuations performed in a theoretical ap-
proach only with the chiral symmetry and its dynamical break-
ing while without the glue dynamic, such as the QM effective
model, are far from sufficient to account for the lattice results
and the experimental measurement.
In summary, in this work we have calculated the σ-field fluc-
tuations within the FRG approach in the PQM and QM effec-
tive models. Emphasis is put on the interrelation between the
σ-field fluctuations and the glue dynamics. We have found that
the σ-field fluctuations are weakly influenced by the glue dy-
namics, which contrasts remarkably with the case of the net
baryon number fluctuations, that are strongly dependent on the
glue dynamics and involve the color confinement information.
What does our calculated results imply for current efforts to
search for the QCD CEP? We would like to address it from both
the theoretical and experimental sides. Nonmonotonic behav-
ior of the kurtosis of the net proton number distribution varying
with the collision energy, has been observed in BES at RHIC
[3]. Usually it is believed that the difference between the kur-
tosis of the proton number and that of the baryon number can
be neglected, thus we assume the kurtosis of the baryon num-
ber distribution is identical to that of the proton number dis-
tribution. In order to explain experimental observations and
make reasonable predictions, a number of interesting theoret-
ical scenarios and approaches have been proposed and investi-
gated in detail, such as equilibrium critical fluctuations, equi-
librium noncritical fluctuations, nonequilibrium evolution, etc.
Whatever the theoretical approaches are, the important thing is
that the confinement information should be embedded in the
theory besides the chiral property. The σ field and its fluctua-
tions alone are not sufficient to account for the baryon number
fluctuations.
On the contrary, since the QCD CEP arises from the chiral
symmetry and its spontaneous dynamical breaking, rather not
from the confinement-deconfinement phase transition, it is also
a good idea to employ other physical quantities to search for the
CEP in the experiments, which are only sensitive to the chiral
symmetry, not affected by the color confinement, for instance
the electric charge fluctuations and some physical observables
which are only connected to the chiral order parameter field.
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